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SPECTRAL MULTIPLIERS FOR SUB-LAPLACIANS ON 
SOLVABLE EXTENSIONS OF STRATIFIED GROUPS 

ALESSIO MARTINI, ALESSANDRO OTTAZZI, AND MARIA VALLARINO 


Abstract. Let G = W xi A, where JV is a stratified group and A = R acts on 
N via automorphic dilations. Homogeneous sub-Laplacians on N and A can 
be lifted to left-invariant operators on G and their sum is a sub-Laplacian A on 
G. We prove a theorem of Mihlin-Hormander type for spectral multipliers of 
A. The proof of the theorem hinges on a Calderon-Zygmund theory adapted 
to a sub-Riemannian structure of G and on L^-estimates of the gradient of the 
heat kernel associated to the sub-Laplacian A. 


1. Introduction 

Let iV be a stratified Lie group of homogeneous dimension Q > 2. Let G be the 
semidirect product A x A, where A = K. acts on N via automorphic dilations. The 
group G is a solvable extension of N that is not unimodular and has exponential 
volume growth; see Section [5] for more details. For all p G [1, oo], let LP{G) denote 
the LP space with respect to a right Haar measure p, on G. 

Consider a system Xi, ..., Xq of left-invariant vector fields on N that form a 
basis of the first layer of the Lie algebra of N and let Xq be the standard basis of 
the Lie algebra of A. The vector fields Xq on A and Xi,..., Xq on N can be lifted 
to left-invariant vector fields Aq, Ai,... ,Xq on G which generate the Lie algebra 
of G and define a sub-Riemannian structure on G with associated left-invariant 
Carnot-Caratheodory distance g. 

Let A be the left-invariant sub-Laplacian on G defined by 

(1.1) a = -^a2. 

j=o 

The operator A extends uniquely to a positive self-adjoint operator on L^(G). For 
all bounded Borel functions F : [0, oo) —>■ C, the operator F{A) defined via the 
spectral theorem is left-invariant and bounded on L^{G) and, by the Schwartz 
kernel theorem, 

(1.2) P(A)/ = / * \/fGL^G), 

for some convolution kernel kF{A)^ which in general is a distribution on G. The 
object of this paper is the multiplier problem for A, i.e., the study of sufficient 
conditions on F which imply the L^-boundedness of F{A) for some p ^ 2. 

Our main result provides a sufficient condition of Mihlin-Hormander type for 
operators of the form F{L) to be bounded on LP{G) for 1 < p < oo; endpoint results 
are also obtained, both of weak type (1,1) and in terms of the Hardy space iL^(G) 
and bounded mean oscillation space BMO{G) introduced in [51] (see Section[3l). 
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Let '0 be a function in (7“(]R), supported in [1/4,4], such that 

(1-3) E 0(2^A) = 1 VAg(0,oo). 

16 Z 

For all s > 0 we define ||-F||o,s and ||F||oo,s as follows: 

||F||o,s = sup||F(t-)0(-)||^.(R), ||F||oo,s = sup||F(t-)0(-)||^.(R), 

t<i t>i 

where iL®(R) denotes the L^-Sobolev space of order s on R. We say that a bounded 
Borel function F : [0,oo) —>• C satishes a mixed Mihlin-Hormander condition of 
order (so,Soo) if Iloilo,so < oo and ||F||oo,So„ < oo. 

Theorem 1.1. Suppose that sq > | and Soo > If F satisfies a mixed Mihlin- 

Hormander condition of order (sq, Soo), then F{A) extends to an operator of weak 
type (1,1) and bounded on LP(G) for all p G (1, oo), bounded from H^(G) to L^(G) 
and from L°°{G) to BMO{G). 

Spectral multiplier theorems for Laplacians and sub-Laplacians have been ob¬ 
tained in many different contexts, so we do not attempt to give a complete account 
of the existing literature and we restrict our discussion to the works that are more 
closely related to our result. The interested reader is referred to the cited works 
and references therein for more details. 

It was already known in the literature that, unlike other sub-Laplacians on solv¬ 
able groups (see, e.g., IH1I17]), the sub-Laplacian A on the group G has LP-differen- 
tiable functional calculus. More precisely, Hebisch proved that if F is compactly 
supported and F G H^(R) for some s > then F(A) is bounded on LP{G) for 
all p G [l,oo]. Mustapha m proved the same result pushing down the smooth¬ 
ness condition on the multiplier F, i.e., requiring that F G iL®(R) for some s > 2. 
A further improvement with condition s > 3/2 is stated in [291 Theorem 6.1]. 
Subsequently Gnewuch [TS] obtained similar results for sub-Laplacians on compact 
extensions of a class of solvable groups, which strictly include the groups we are 
considering here. 

All these results are different from Theorem II.II because they only treat the case 
of compactly supported multipliers F belonging to a Sobolev space of suitable order 
and show that, in that case, the convolution kernel is integrable on G. Our 

result instead is a genuine Mihlin-Hormander theorem for multipliers F which need 
not be compactly supported nor have bounded derivatives at 0. In this case the 
convolution kernels fcF(A) need not be integrable; indeed, for the endpoint values 
p = 1 and p = oo we prove boundedness only in the weak type (1,1) sense and in 
terms of Hardy and BMO spaces. 

Other multiplier theorems on solvable extensions of stratified groups were pre¬ 
viously obtained in the literature for distinguished full Laplacians. More precisely. 
Cowling, Giulini, Hulanicki and Mauceri m proved a multiplier theorem for a 
distinguished Laplacian L on NA groups coming from the Iwasawa decomposition 
of a semisimple Lie group of arbitrary rank: they showed that if F G iL[')][.(R) 
and ||F||oo,Soo < for suitable orders so,Soo depending on the topological dimen¬ 
sion and the pseudodimension of the group, then F{L) is of weak type (1,1) and 
bounded on for all p G (1, oo). An analogous result was then proved by Astengo 
[5] for a distinguished Laplacian on Damek-Ricci spaces, i.e., groups of the form 
iL X R, where H is a Heisenberg-type group m- 

Hebisch and Steger [29l Theorem 2.4] improved the results in [11] by proving 
a genuine Mihlin-Hormander theorem for spectral multipliers of a distinguished 
Laplacian L on the group R'^ x R, which corresponds to the case of real hyperbolic 
spaces (and coincides with our Theorem ll.ll in the case N is abelian). Their theorem 
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was generalized in [S5] to a distinguished Laplacian on Damek-Ricci spaces. The 
results in EHEa hinge on a new abstract Calderon-Zygmund theory developed by 
Hebisch and Steger and L^-estimates of the gradient of the heat kernel associated 
to L. 

All the aforementioned results for multipliers of a full Laplacian L make strong 
use of spherical analysis either on semisimple Lie groups or Damek-Ricci spaces. In 
particular, on Damek-Ricci spaces, the convolution kernels fcF(L) have the property 
that vnT^I'^ kp(^^ is radial, where m is the modular function, and moreover an 
explicit formula for the heat kernel associated to L is known. These tools are not 
available for the analysis of the sub-Laplacian A on G (unless N is abelian). So 
we need new techniques to obtain weighted estimates of the convolution kernels of 
multipliers of A and to study the horizontal gradient of the heat kernel associated 
to A. A brief illustration of these techniques and of our strategy of proof follows. 

In Section [2] we obtain a precise description of the left-invariant Carnot-Cara- 
theodory distance on G in terms of the analogous distance on N. This is done by 
relating solutions to the Hamilton-Jacobi equations on G and N. These equations 
are analogous to the geodesic equations on Riemannian manifolds. However on 
sub-Riemannian manifolds there may exist “strictly abnormal minimizers”, i.e., 
length-minimizing curves that do not correspond to solutions to the Hamilton- 
Jacobi equations. Nevertheless a density result by Agrachev [3] allows us to transfer 
information from solutions to the Hamilton-Jacobi equations to the corresponding 
sub-Riemannian distances. 

Based on our analysis of distances, in Section[2]we develop a Calderon-Zygmund 
theory adapted to the sub-Riemannian structure of G. More precisely, we show that 
the metric measure space (G, q, ji) satisfies the axioms of the abstract Calderon- 
Zygmund theory introduced in |29] and further developed in m- The crucial step 
is the construction of a suitable family of “admissible sets” that play the role that 
in the classical Calderon-Zygmund theory on spaces of homogeneous type would 
be played by balls or “dyadic cubes” (cf. [B]). In this way, when we study spectral 
multipliers of the sub-Laplacian A, we can use the theorems for singular integral 
operators proved in [53] for the boundedness of type (1,1) and those contained in 
m for the boundedness on Hardy and BMO spaces. 

In Section 0] we focus on the properties of A and its functional calculus. In 
particular Section 14.21 is devoted to an L^-estimate of the horizontal gradient of 
the heat kernel associated to A at any real time. This estimate is well-known (in 
much greater generality) for small time, but appears to be new for large time (and 
nonabelian N). Our proof is based on a formula that relates the sub-Riemannian 
heat kernels on G and N; this relation was already used in 031H] to estimate the 
heat kernel on G at complex time 1 -|- ir, r G M. 

Another important consequence of the relation between heat kernels on G and 
N is discussed in Section l4l3l It turns out that, for all multipliers F, the L^-norm 
of the convolution kernel ^^(a) on G coincides with the L^-norm of the convolution 
kernel oo the real hyperbolic space G = xi R., where A is a full Laplacian 

on G. In fact it is even possible to estimate weighted L^-norms of ^^(a) on G by 
weighted L^-norms of ^^(A) G, where spherical analysis can be applied. This 
crucial observation is already contained, with a different proof, in |24| . 

Finally in Section [5] we combine all these ingredients to prove Theorem ll.il 

A natural question is if the smoothness condition Soo > (Q + l)/2 on the mul¬ 
tiplier in Theorem 11.11 is sharp. In fact, via transplantation (cf. [33)1. Theorem 
11.11 implies a similar theorem for a homogeneous sub-Laplacian on the nilpotent 
contraction N x A oi G, with a smoothness condition of order {Q + l)/2. This is 
just a particular case of the multiplier theorem of Christ [7] and Mauceri and Meda 
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[55] on stratified groups, because Q + 1 is the homogeneous dimension of TV x A. 
If JV is abelian, then the transplanted result is sharp and a fortiori the condition 
Soo > (Q + l)/2 in Theorem II .11 is sharp. However, for many nonabelian stratified 
groups Af the transplanted result is not sharp: in fact, in several cases, it is possi¬ 
ble to push down the smoothness condition to half the topological dimension of the 
group [ 111111571155 ]. For this reason it might be expected that the smoothness 
condition Soo > (Q + l)/2 in Theorem 1 1.1 1 could also be pushed down, at least for 
some nonabelian JV. 

Recently the second and third named authors, extending a result in [28] . have 
proved a multiplier theorem for some Laplacians with drift on Damek-Ricci spaces 
[46] : part of the proof of their result hinges on a Mihlin-Hormander type theorem 
for a distinguished Laplacian without drift. Inspired by [46] we think that Theorem 
o could be an ingredient to prove a multiplier theorem for sub-Laplacians with 
drift on the solvable groups considered here. We recall that among these sub- 
Laplacians with drift there is the “intrinsic hypoelliptic Laplacian” associated with 
the sub-Riemannian structure on G (see HD- 

Let us fix some notation that will be used throughout. R+ and denote the 
open and closed positive half-lines in K respectively. IJT?. denotes the union of a 
family of sets 71, i.e., U 72. = Urst?. letter C and variants such as Cg denote 

finite positive constants that may vary from place to place. Given two expressions 
A and B, A < B means that there exists a finite positive constant C such that 
A < C B. Moreover A B means A < B and B < A. 


2. Solvable extensions of stratified groups 

In this section we shall introduce the class of Lie groups that we study in the 
sequel and recall their main properties. In particular, we shall discuss their metric 
properties in Subsection 12.21 and some useful integral formulas in Subsection 12.31 


2.1. Stratified groups and their extensions. Let be a stratified group. In 
other words, is a simply connected Lie group, whose Lie algebra n is endowed 
with a derivation D such that the eigenspace of D corresponding to the eigenvalue 1 
generates n as a Lie algebra. In particular the eigenvalues of D are positive integers 
1,..., S' and n is the direct sum of the eigenspaces of D, which are called layers: the 
jth layer corresponds to the eigenvalue j. Moreover n is S-step nilpotent, where S 
is the maximum eigenvalue. 

The exponential map exp^ : n —>■ A^ is a diffeomorphism and provides global 
coordinates for N, that shall be used in the sequel without further mention. Any 
chosen Lebesgue measure on n is then a left and right Haar measure on N. Let us 
fix such a measure and write \E\ for the measure of a measurable subset E G N. 

The formula St = exp((logt)I7) defines a family of automorphic dilations ((5t)t>o 
on N. For all measurable sets E C N and t > 0, \5tE\ = t'^\E\, where Q = ti D 
is the homogeneous dimension of N. Note that Q > d, where d = dimn is the 
topological dimension of N, and in fact Q = d ii and only if S' = 1, i.e., if and only 
if N is abelian. Note moreover that, if Q = 1, then A^ = R. In the following we 
shall assume that Q > 2, since the case Q = 1 has already been treated in [55] . 

Let A = R, considered as an abelian Lie group. Again we identify A with its 
Lie algebra a. Then A acts on N by dilations, that is, we have a homomorphism 
A 9 u I—>■ G Aut{N) and we can define the corresponding semidirect product 

G = N X A, with operations 

{z, u) ■ [z', u') = {z ■ e^^z', u + u'), (z, u)~^ = {—e~'^^z, —u) 
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and identity element Og = (OatjO). The Lie algebra g of G is then canonically 
identified [5il §3 .14-3.15] with the semidirect product of Lie algebras n xi a, where 

{z',u')] = {[z,z'] + uDz' — u'Dz,0). 

The group G is not nilpotent, but is a solvable Lie group of topological dimension 
d -I- 1. The left and right Haar measures /if and /i on G are given by 

d/if (z, it) = dz du dfi{z,u) = dzdu 

[501 §(15.29)] and the modular function m is given by m{z, u) = In particular 

G is not unimodular and has exponential volume growth m Lemme 1.3]. In the 
following, unless otherwise specified, the right Haar measure /t will be used to define 
Lebesgue spaces Lp(G) = L^(G, d/t) on G and ||/||p will denote the L^’(G)-norm of 
a function / on G. 

2.2. Metric structure and geodesics. Consider a system Xi,..., Xq of left- 
invariant vector fields on N that form a basis of the first layer of n. These vector 
fields provide a global frame for a subbundle HN oi the tangent bundle TN of N, 
called the horizontal distribution. Since N is stratihed, the first layer generates n 
as a Lie algebra and consequently the horizontal distribution is bracket-generating. 

Let be the left-invariant sub-Riemannian metric on the horizontal distribution 
of N which makes Xi ,..., Xq into an orthonormal basis. By means of the metric 
we can define the length of horizontal curves on N (i.e., absolutely continuous 
curves 7 : [a, 6 ] —>■ TV whose tangent vector 7 (t) lies in the horizontal distribution 
for almost all t G [a, 6 ]) by integrating the i/'^-norm of the tangent vector. The 
Carnot-Caratheodory distance on N associated to g^ is then defined by 

g^{z, z') = inf{lengths of horizontal curves joining z to z'} 

for all z, z' G N. Since the horizontal distribution is bracket-generating, the dis¬ 
tance g^ is finite and induces on N the usual topology, by the Chow-Rashevskii 
theorem. Moreover, since Xi ,..., Xq are left-invariant and belong to the first layer, 
the distance g^ is left-invariant and homogeneous with respect to the automorphic 
dilations St- For every zq G N and r > 0 we denote by RAr(zo,r) the ball in N 

centered at zq of radius r, i.e., i?Ar(zo,r) = {z G N : g^{z,zo) < r}. Then 

\BN{zo,r)\ = r^\BNiON, 1)| Vzq S TV, Vr > 0. 

Let ^0 = du be the canonical basis of a. The vector helds Xq on A and 

Xi ,..., Xq on N can be lifted to left-invariant vector helds on G given by 

^ 0 1 ~ ^0 U ~ I ~ ^ \z fOL J — I 5 ■ ■ • 51 /- 

Analogously as above, the system Xq,. .. ,Xq generates the Lie algebra g and de- 
hnes a sub-Riemannian structure on G with associated left-invariant Carnot-Cara¬ 
theodory distance g. For all (zo,uo) G G and r > 0 we denote by Bg(^{zo,UQ),r^ 
the ball in G centered at (zo,uo) with radius r with respect to the distance g. 

We shall give a more precise description of the distance g and precise asymptotics 
for the volume of balls by means of geodesics. Note that the characterization of 
length-minimizing curves in sub-Riemannian geometry is more complicated than in 
the Riemannian case, because a length-minimizing curve need not correspond to a 
solution of the Hamilton-Jacobi equations associated to the metric (see, e.g., [H] 
for an insight). However, by means of a density result of Agrachev [5], we will be 
able to characterize the distance g by studying the solutions of the Hamilton-Jacobi 
equations on N and G. 

The sub-Riemannian metric g^ determines a dual metric {g^)* on the cotangent 
bundle T*N of N. When S' > 1, (g^)* is degenerate: its kernel at each point of 
N is the annihilator of the horizontal distribution. If N is identified as a manifold 
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with the vector space n via the exponential map (see Section 12.11) , then, for all 
z G N, the tangent space TzN at z is identified with n and the cotangent space 
T*N is identified with n*. Let us in turn identify n* with n by choosing an inner 
product (•, •) on n and let us fix orthonormal coordinates on n. Then 


where Mz : n —>■ n is a symmetric linear map depending smoothly on z G N] 
moreover HzN is the range of Mz, the restriction Mz\h,^n ■ HzN —)> HzN is 
invertible and 


g^{Z,Z') = {{Mz\HzN)-^Z,Z'). 


In the chosen coordinates, the Hamilton-Jacobi equations associated to g" read 


( 2 . 1 ) 


dH 


N 


N 


dQ ’ 


0 ~ 


dH 

dzj 


{j = 1,... ,d), where the Hamiltonian : T*N ^ is given by 


H^{z,(:) = = liMxx)- 

A solution (z, C) : I —>■ T*N to the Hamilton-Jacobi equations (12.ip . where J C K. 
is an interval, will be called an HJ-curve on N. It is known that the projection to 
N of such a curve, namely z : I ^ N, is horizontal and locally length-minimizing; 
moreover z has constant speed, since g^{z,z) = 2H^{z,() is constant along the 
HJ-curve (z, Q. We define the length of an HJ-curve as the length of its projection. 
Analogously, we say that an HJ-curve joins two points on N if its projection does. 

Note that, if S' < 2, then all length-minimizing horizontal curves on N are 
“normal minimizers”, i.e., projections of HJ-curves (see, e.g., the argument after m 
Theorem 4]). However on higher-step groups N there may exist “strictly abnormal 
length-minimizers” |20] . that is, length-minimizers that are not projections of HJ- 
curves. 

An analogous discussion can be conducted on G. If G is identified as a manifold 
with the vector space n x a via the map n x a 9 {z,u) >->■ {expj,.f{z),u) G G 
(as in Section HH), the left-invariant sub-Riemannian metric g on the horizontal 
distribution of TG is given by 

g^z,U), {Z', U')) = (Z, Z') + UU'. 


Hence the dual metric g* on the cotangent bundle T*G of G is 

and the Hamilton-Jacobi equations on G read 

. _dH ■ dH 

(2 2 ) 

^ ’ dH dH 

ov ou 

(j = 1,..., d), where the Hamiltonian H : T* G —>■ M is given by 

H{z,u,C,v) = = \ [X'^iMzCX) +X) . 

A solution (z, u,(,iy) : I ^ T*G to (12.21) will be called an HJ-curve on G. 

We now look for HJ-curves on G of the form (z, u, v) = {z^ o v, u, o v, v) 
where {z ^is an HJ-curve on N and n is a suitable change of variables. By 
plugging these expressions in the Hamilton-Jacobi equations for G and using the 
fact that {z^,C,^) satisfies the Hamilton-Jacobi equations for N, we obtain the 
following result. 




SPECTRAL MULTIPLIERS ON SOLVABLE EXTENSIONS OF STRATIFIED GROUPS 7 


Lemma 2.1. Let be an HJ-curve on N. Then {z^ ov,u,(^^ ov,v) is an 

HJ-curve on G provided the functions v, u, v satisfy the following conditions: 

(2.3) i! = 6 ^“, u = v, v = -2H^e‘^'^, 

where is the constant value of along {z^,if^). Moreover, is related to 

the constant value Hq of H along [z^ o v, u, o v, v) as follows: 

Ho = e^^H^ + uV2. 

This leads us to the following definition. 

Definition 2.2. We say that an HJ-curve : J —>■ T*N on N and an HJ- 

curve (z, u,C,,v) I ^ T*G on G are associated if there exists a diffeomorphism 
V : I ^ J such that z = z^ ov, ( = ov, and {v, m, u) : / — >• solves (12.31) . 

The Cauchy problem for the autonomous system of equations (12.31) is solved as 
follows. 


Lemma 2.3. Suppose that uo,voiHo ^ ^ 0. In the case > 0, the 

maximal solution {v, u, v) to (E31) with initial data 

(2.4) u(0) = 0, ■u(0)=Mo, u(0) = uo 

is given by 

= ■;T^(‘^tanh(a;(t - U)) + uq), 

u{t) = u* — logcosh(w(< — <*)), 
u(t) = —wtanh(a;(t — t*)), 


where u^,t^,uj are determined so to satisfy the equations and the initial conditions: 


OJ = \Jvl+ 2iJ^e2“o, u* = log 


U) 


t* = — arctanh —. 




In the case = 0, the solution with initial data (EH) is given by 


}{f) = 


ifvo = t),' 


i(t) =uo + not, v{t) = Vo- 


All these solutions (v, u, v) are defined globally in time and v is always an increasing 
diffeomorphism onto its image. Moreover, for all ui S R and T > 0, the following 
conditions are equivalent: 

(i) T is in the range of v and u{v~^{T)) = ui; 

(ii) Vo = ( 2 r)-i(e 2 “i - e 2 “a) -h Hf^T. 


Proof. It is not difficult to check that the above formulas give solutions to (12.31) 
with initial data (1^ . Since they are globally defined in time, they must be the 
maximal solutions, and v is an increasing diffeomorphism onto its image because 
v = >0. It remains to show the equivalence of the conditions (i) and |(ii)[ we 

shall just consider the case > 0, the other case being similar and easier. 

Simple manipulations of the above formulas for u and v, also by means of the 


identity 1/ cosh^ x = 1 — tanh^ x, yield 

2u(t) = log fl - 


2H^ 


(2H^v{t) - vof 


g 2 «(t) ^ g 2 «o + 2v{t) [vo - H^v(t)). 


that is 

(2.5) 
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In particular, if there exists t S K. with u(t) = ui and v(t) = T, then by solving 
(12.511 for t'o we obtain (ii) above. Vice versa, if (ii) holds, then 


2H^T^ - 2Tun = 


< e 


2«o 


hence 

{2H^T - vof < + Vq = ■ 

Because of the explicit formula for v, this means that T belongs to the range of v 
so v{t) = T for some t G 


and (1^ together with |(ii)| yields u{t) = ui. 


□ 


From the above explicit solution we derive several consequences. First, we can 
construct HJ-curves on G starting from HJ-curves on N. 

Proposition 2.4. Suppose thatT > 0, T*N is an HJ-curve on 

N and uq, ui G K. Then there exists an HJ-curve on G associated to {z^, that 
joins ( 2 :^( 0 ),Mo) to {z^{T),ui). 

Proof. Set i/Q = (2T)“^(e^”'^ — e^““) H^T. If {v,u,v) is the maximal solution 
to (|2 . 3p Avith initial data (1^ . then, by Lemma 12.31 T is in the range of v and 
m(m“^(T)) = Ml. Therefore, bv Lemma l2.ll (z^om, m, ^^om, : [ 0 ,m“^(T)] -gT*G 

is an HJ-curve on G associated to (z^,C^), which clearly joins (z^( 0 ),mo) to 
(z^(T),mi). □ 


Vice versa, HJ-curves on G determine HJ-curves on N. 

Proposition 2.5. Every HJ-curve on G is associated to an HJ-curve on N. 

Proof. Let (z,m, C, : I —t T*G be an HJ-curve on G. Without loss of generality 
we may assume that 0 G I. Let {z^X^) : J —!> R be the maximal solution to the 
Hamilton-Jacobi equations ( 12 . 11 ) on N with initial data z^(0) = ^(O), C^{0) = C(0)- 
Let H^ be the constant value of H^ along (z^, and define 

Mo = m(0), no = z^(0). 

Let (m, m, h) be the solution to (12.311 with initial data (12.411 given by Lemma 12.31 
Then (z, m, (, v) and (z^ o m, m, o v, v) are both solutions to (lOl with the same 
initial condition and in particular (by uniqueness of solutions to ODEs) they must 
coincide on the intersections of their intervals of definition. 

In order to conclude, it will be sufficient to show that / is contained in the domain 
I of (z^ o M, M, ov,n)- Note that the solution {v, u, i>) to (ESI) given by Lemma 
12.31 is defined globally in time, m : M —>■ m(M) is an increasing diffeomorphism and 
I = v~^{J) is open. Therefore, if / is not contained in I, then there is a (nonzero) 
element to € / of minimum modulus that does not belong to /. Assume, without 
loss of generality, that to > 0. Then v{to) does not belong to the domain J of 
{z^X^)j but [0,M(to)) C J. The equation 

(z^(M(t)),C"(M(t))) = (z(t),C(i)), 

valid for all t £ [0,to), and the fact that m is a diffeomorphism, show that 
lim (z"(T),C^(r)) = (z(to),C(io))- 

r^v{to) 

This contradicts the fact that (z^, is a maximal solution to (12.11) . □ 


Finally, there is a relation between lengths of associated HJ-curves. 

Proposition 2.6. Let I C R be a compact interval. Let (z, m,^, z^) : I —>■ T*G be 
an HJ-curve on G of length L, which is associated to an HJ-curve on N of length 
L^. Let uq and ui be the values of u at the endpoints of L. Then 

1 -F -f (e-“'>L^)2 


( 2 . 6 ) 


coshL = 


2e“i-“o 
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Proof. Let (z^, : J —^ T*N be the associated HJ-curve on N and v : I ^ J he 

the diffeomorphism as in Definition l2.2l Without loss of generality we may assume 
that I = [0, r] with r > 0 and that u(0) = 0. Set moreover T = v{t), uq = u{0), 
ui = u{t), Uq = u(0), and let Hq be the constant value of along 
Then, by Lemma [2.31 uq = (2T)“^(e^“i — e^“”) + H^T. Moreover, in the case 
ih 0, 

(2.7) T = v~^{T) = — f arctanh — + arctanh-2-^ 

a; \ uj uj J 

where u) = + Uq, whereas, in the case = 0, 

^ ^ L-i(ui) = ifuo^o, 

= e-2“«T ifj/o = 0. 

Note that = T\J2Hq , whereas L = Ty/2e'^°H^ + v^. Easy manipulations of 
the above expressions then yield (12.61) . For example, in the case > 0, it is 
L = TU) and (ESI) can be obtained by multiplying by u both sides of (EZD, taking 
the cosh of both sides and applying the addition formula for cosh. □ 

We can now turn the relation (EH) between lengths into a relation between sub- 
Riemannian distances. We should mention that formula (|2.8I) below was already 
given without any proof in [241 p. 9]. The argument given here can be thought of 
as a precise proof of it. 


Proposition 2.7. For all (zq, wq), (zi, ui) G G, 

1 + e2(“i-“o) + (e-“'>e^(zo, zi)f 


( 2 . 8 ) 


£»((zo,uo), izi,ui)) = arccosh- 


2e“i-“o 


arccosh ^cosh(uo — ui) + e ziY/‘^ . 


Proof. By left-invariance of g and g^, it is sufficient to check the above formula in 
the case {zo,uo) = Og- 

By the results in [3] there exists an open dense subset of G made of points 
which are joined to the origin Og by a unique length-minimizing curve and this curve 
is a projection of an HJ-curve; analogously there exists an open dense subset of 
N made of points which are joined to the origin Oat by a unique length-minimizing 
curve and this curve is the projection of an HJ-curve. 

Let H H n (H^ X A). Then H is a dense open subset of G. Moreover, for 
all (zi. Ml) G 11, if (z, u, v) is the length-minimizing HJ-curve on G joining Og to 
(zi,ui), then the length L of this curve coincides with p(0g, izi,ui)). Moreover, 
by Proposition eh {z, u, v) is of the form {C,^ o v, u, o v, u) for some HJ-curve 
(z'^, C^) on N, whose length is related to L by (12.61) . 

We now claim that = g^{O n, Zi). If not, the length-minimizing HJ-curve 
on N joining Oat to zi (which exists because zi G H-^) would have length less than 

. So, via Proposition 12.41 we could construct an HJ-curve on G joining Og to 
(zi,ui) with length less than L, which would lead to a contradiction. 

The relation (12.61) between lengths yields (12.81) for all (zi,ui) G H. Since Cl is 
dense and g, g^ are continuous, (12.81) holds for all (zi,mi) G G. □ 


2.3. Volume asymptotics and integral formulas for radial functions. The 

expression (EH for the sub-Riemannian distance g allows us to give precise formulas 
and asymptotics for the volume of the corresponding balls. It should be noted that 
detailed information on the local behavior of g could be deduced by the ball-box 
theorem (see [IS] or m)- For the global behavior, however, sufficiently precise 
general results seem not to be available and formula ( 12 . 8 p becomes crucial. 
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We shall obtain the volume formulas as corollaries of integral formulas for radial 
functions. By radial function on G we mean a function of the form x i— >■ f{\x\g), 
where / : Rq —>■ C and |a;|g = g{x,0c) is the distance of a; G G from the origin. 
Analogously by radial function on N we mean a function of the form z i—>■ /(|z|jv), 
where |z|Ar = q^{z,0n) is the distance of z £ N from the origin. 

The homogeneity of yields immediately the following integral formula for 
radial functions on N: for all Borel functions / : —>■ Mj, 


(2.9) 


f f{\z\N)dz = VnQ [ f{s)s'^ Ms, 
Jn Jo 


where Vn = |i3Ar(0Ar, 1)|- Clearly such a formula can be extended to complex¬ 
valued functions /, as soon as the integrals make sense. We now obtain a similar 
formula on G. 




Proposition 2.8. For all Borel functions f : 

(2.10) [ f{\x\g)dg,{x) = [ f{\x\g)m{x)dn{x) = CnQ [ /(r) sinh*^ r dr, 

Jg Jg Jo 

where cn = In particular 

(2.11) F{Bg{0,r))=CNQ sinh'^sds-i f ^ ~ ’ 

Jo */r>l. 

Proof. Since \x\g = by left-invariance of g (cf. [5S1 §111.4, p. 40]), 

f f{\x\e)d^i{x) = [ f{\x-^\g)d^i{x) = [ f{\x\g)m{x)dg.{x). 

Jg Jg Jg 

Moreover, by formulas (12.81) and (1^ . 

f fi\x\B)dfi{x) 

JG 

/ oo /*oo 

/ /(arccosh(coshu -|- e““s^/2)) 5*^“^ dsdu 

-OO J 0 

/ oo poo 

/ /(arccosh(coshu -I- s)) dsdu 

-OO J 0 

poo pr 

= VatQ 2*5/^“^ y /(r) sinhr J e^^^^ {coshr — coshu)^^'^~^ dudr 

(in the last step the change of variable s = coshr — coshu was used). One can 
explicitly evaluate the inner integral in the last formula and obtain 

12 


y (coshr — cosh^ du = sinh*^ ^ r. 

J — r ^ vVj 

This gives (I2.10p and (|2.11l) follows by taking / = X[o,r)- 


□ 


Similar computations give us expressions for weighted integrals of radial func¬ 
tions, that will be useful in the sequel. Define the weight u> on G by w{z, u) = |z|^. 
Then the following result holds. 

Proposition 2.9. There exists a constant Gn > 0 such that for all Borel functions 

/:K+^K+, 

f m{x)f(\x\g)w(x)dg.{x) <Gq [ f{\x\g)\x\gdg.{x). 

G Jg 


( 2 . 12 ) 
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Moreover 

(2.13) 


/Bj,(0,r) 


+ < 



ifO<r< 1, 
if r > 1. 


Proof. A simple modification of the proof of Proposition 12.81 gives the following 
integral formula: 


(2.14) / m { x ) f {\ x \ g ) w { x ) d ^ l { x ) 


poo pr 

= 2^~^VnQ J /(r) sinhr J (coshr — cosh du dr. 


Since /^^(coshr —coshu)*^”^ du < rsinh*^”^ r, the estimate (12.1211 follows by com¬ 
parison of (12.101) and (I2.14p . 

As for 1)2.13|) . this is clear by (12.111) in the case r < 1. If instead r > 1, then 


f (l-fii;)-^^ 

JBg{0,r) 

/ oo ^oo gO-l 

/ X[o,r) (arccosh(cosh u -|- e' 

-ao Jo 1 + 


' —OO «/0 

(cosh r—cosh n) ^Q/2 —1 


J —r */0 

^/:r 

and we are done. 


1 -|- s'3/^ 


ds du 


1 + s 


■ ds du ^ r^ 


□ 


3. Calderon-Zygmund theory 


3.1. Abstract Calderon-Zygmund theory. It is well known that in spaces of 
homogeneous type integrable functions admit a Calderon-Zygmund decomposition 
and that in this context the classical Calderon-Zygmund theory for singular inte¬ 
grals and the theory of Hardy and BMO spaces [48] can be generalized [iiio]. 
However, because of exponential volume growth, the group G under consideration 
is not a space of homogeneous type and a further generalization of the Calderon- 
Zygmund theory is necessary. This generalization was introduced by Hebisch and 
Steger m and further developed by Vallarino m- Here we summarize some of 
the results of this theory that will be used in the sequel. 

Definition 3.1. A CZ-spaee is a metric measure space {X,d,p.) such that there 
exist a positive constant kq and a family TZ of measurable subsets of X with the 
following properties: for all R GTZ, there exist x G X and r > 0 such that 

(i) R C B{x,Kor), 

(ii) fJ.{R*) < KofJ-iR), where R* = {x G X : d{x,R) < r}; 

moreover, for all / G L^{X) and for all a > ko (a > 0 if /r(X) = oo) there 

exists a decomposition f = g + sets Ri GTZ such that 

(iii) llffiloo < Nott, 

(iv) supp bi C Ri and f bidg = 0 for all z € N, 

(v) 

(vi) EJI&.lli<«o||/||i. 

The constant kq is called the CZ-constant of {X,d,fi). A decomposition / = 
5 +Sign which has properties |(iii)[| ( vi)] of Definition 13 .ll is said to be a Calderon- 
Zygmund decomposition of / at height a. The elements of the family TZ are called 
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admissible sets and, for each R G TZ, the point x G X and the number r > 0 
satisfying properties (i)]|(ii) of Definition Kb II are called the center and the radius of 
R respectively. 

Note that the above definition of CZ-space is more restrictive than the definition 
of “Calderon-Zygmund space” given by Hebisch and Steger in [5S]. Hence the 
following boundedness theorem for a class of linear operators on CZ-spaces is a 
consequence of EH Theorem 2.1]. 


Theorem 3.2. Let {X,d,ii) be a CZ-space. LetT be a linear operator bounded on 
L^{X) such that T = where 

(i) the series converges in the strong topology of operators on L^(X); 

(ii) every Tj is an integral operator with kernel Kj; 

(Hi) there exist positive constants b,B,s and c > 1 such that 



ix,y) \ {l -G c!>d{x,y)y dpix) < B 


[ \Kjix,y) - Kj(x,z)\dp.(x) < B {c>d{y,z)y 
Jx 


VyGX, 
yy,z G X. 


Then T extends from L^{X)r\L'^(X) to an operator of weak type (1,1) and bounded 
on LP{X), for 1 < p < 2. 


In |51j it was noticed that if a CZ-space satisfies an additional condition, then 
one can develop an H^-BMO theory on it. 


Definition 3.3. We say that the CZ-space (X, d, p) with family of admissible sets 
TZ satisfies condition (C) if there exists a subfamily TZ' of TZ with the following 
properties: 

(i) given i?i, i ?2 in TZ' such that ^0, then either Ri C i ?2 or i ?2 C i?i; 

(ii) for every set RvaTZ there exists a set R' in TZ' which contains R. 

Suppose now that {X, d, /i) is a CZ-space with family of admissible sets TZ which 
satisfies condition (C). Then we introduce an atomic Hardy space and a space 
of bounded mean oscillation functions on X as follows. 


Definition 3.4. An atom is a function a in L^{X) such that 

(i) a is supported in an admissible set R gTZ; 

(ii) ||a||2 < 

(iii) /jad/i = 0. 

Definition 3.5. The Hardy space H^{X) is the space of all functions / in L^{X) 
such that / = j where the aj are atoms and Xj are complex numbers such 

that < oo- It is a Banach space with the norm 


WfWm = inf \Xj\ : f = aj atoms, Aj € c| . 

By Hy{X) we denote the subspace of H^{X) of finite linear combinations of atoms. 

Definition 3.6. The space BA40(X) is the space of all functions / in ^L(^) 
such that 

1/2 




< oo, 
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where fa = f d^. The space BMO{X) is the quotient of BMO(X) modulo 

constant functions. It is a Banach space with the norm 

= sup J^\f - : RgTZ 

For more details on the spaces H^{X) and BMO{X) we refer the reader to [51]. 
In particular, the space BMO{X) can be identified with the the dual of H^{X) 
EH Theorem 3.9]. 


Proposition 3.7. The following hold. 

(i) For any g in BMO{X) the functional A defined on H^^{X) by 

A{f)=|fgd^, \/fGHUX), 

extends to a bounded functional on H^{X). Furthermore, there exists a 
constant C such that ||A||(//i(x))* < C'II/IIbmo- 
(ii) For any bounded linear functional A on FI^{X) there exists a function g in 
BMO{X) such that A(/) = J g f dp. for all f in FI^^{X) and ||g||_BMO < 
C ||A||(^i(x))», with C independent of g and A. 

Moreover, the following H^-L^ boundedness result holds for singular integral 
operators on CZ-spaces [511 Theorem 3.10]. 


Theorem 3.8. Let {X,d,p) be a CZ-space which satisfies condition (C). Let T be 
a linear operator which satisfies the hypotheses of Theorem \H.‘A Then T is bounded 
from H^{X) to L^{X). 

3.2. Calderon—Zygmund theory on {G,g,p). We shall prove that the space 
(G, g, p) is a CZ-space in the sense defined in the previous subsection. This fact 
was already announced and proved by Hebisch in ESI in a more general class of 
amenable Lie groups, including the groups we are considering here. However, for 
these groups the construction of the Calderon-Zygmund decomposition becomes 
more transparent than the one given in [26] and we think that it is worthwhile to 
see the explicit construction in our setting. Moreover this construction allows us to 
show that the CZ-space (G, g, p) satisfies condition (C) and consequently a theory 
of Hardy spaces can be developed on G. 

The difficulty in the construction consists in the definition of a suitable family TZ 
of admissible sets on G. We cannot use balls as in the classical case, because their 


measure increases exponentially and condition (ii) of Definition 13.11 would not be 
satisfied. To define admissible sets we adapt to the sub-Riemannian distance the 
ideas of m and m- 

Christ [6] Theorem 11] proved the existence of a family of dyadic sets in a space 
of homogeneous type, which can be formulated for the stratified group N as follows. 


Theorem 3.9. There exist constants ri,Ci\j > 1, an integer J >2 and a collection 
of Borel subsets C N and points G N, where k G 1^, a G Ik and Ik is a 
countable index set, such that, for all k Gl, the following hold: 

(^) \N-[ja^,,Q’^\=0; 

(ii) Biyin^, rj^) C C B^in^, Cn for all a G h; 

(Hi) n = 0 for all a, ft G Ik with a (3; 

(iv) for all a G Ik, has at most J subsets of the form for (3 G Ik-ii 

(v) for all £ < k and ft G le there is a unigue a G Ik such that C Q^; 

(vi) for all £ < k, a G Ik and ft G h, either Q’f n (5]g = 0 or C 
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Let US fix a system of dyadic sets points index sets Ik and constants 
77 , Cat, J as in Theorem ld.91 Further let us fix two positive constants M and tq such 
that the following conditions are satisfied: 

(3.1) l<ro<21og2 

(3.2) M > 1 

(3.3) 

(3.4) 6 M > logjy — log2 + ^ 

(3.5) 776 ^^’'° < 2e®^inf{re"’'/2 : ro < r < 2ro} 

(3.6) ?7 < . 

We define admissible sets as the product of dyadic sets in N and intervals in A as 
follows. 


Definition 3.10. An admissible set in G is a set of the form 

Qi X {uo-r,uo + r), 

where k G Z, a G Ik, uq £ R, r > 0 are such that 

^g 2 Mg«o < fc < 4 ^g 8 MgUo ifo<r<ro, 

13 7) ~ ~ 

e“° < 77 '= < 4 e“° if r > tq. 

We shall call small admissible set an admissible set corresponding to a parameter 
r G (0, To] and big admissible set an admissible set corresponding to a parameter 
r G (ro, 00 ). We denote by 77. the family of all admissible sets in G. 

Proposition 12.71 allows us to obtain precise relations between balls and “rectan¬ 
gles” on G, which will be important in the following. 


Proposition 3.11. There exists a positive constant Gi such that 

(i) BAr(0Ar,4GAre®^r) x (-r,r) C Bg{Qc,Cir) for every r G (0,oo); 

(ii) BAr(0Ar,4GAre®^”) x (-r,r) C Bg{0G,Cir) for every r G (ro,oo); 

(Hi) Bg{0G,r) C BAr(0Ar,e’') X (—r, r) for every r G (0,oo); 

(ivj Bg(0G,r) C Bjv(0jv,Cir) x (-r,r) for every r G (0,ro]. 

Proof. We first prove[^ If {z,u) G i?Ar(0Ar, dGAre®-^ r) x (—r, r), then, by formula 

dm), 


q{{z, u), Og) < arccosh ^coshr -|- 


16 e’’G^e^®^r^ 


< arccoshcosh(Gir), 


for a sufficiently large Gi and for every r G (0,oo). 

We now prove |(ii)l If iz,u) G Bat (Oat, 4GAre®^'’) x (—r, r), then, by formula 

(EHl), 

/ 2^0gr^2 gl6Mr \ 

p((z,m),0g) < arccosh f coshr-I- ^ -j < arccoshcosh(Gir), 


for a sufficiently large Gi and for every r G (ro, 00 ). 

We now consider any point {z,u) G Bg{0G,r). By formula (12.81) it is obvious 
that coshu < coshr and then u G (—r, r). Suppose now that \z\ > e”. Then 


^((z, 77), Og) > arccosh 



e-^e^” 


2 


> arccosh cosh r = r. 
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Then \z\ < e’' and (hi) is proved. Take now any point {z,u) € Bg{0G,r) and 
suppose that \z\ > Ci r. Then 

g((z, u), Og) > arccosh ( 1 H-^— 


> arccosh cosh r = r, 


for every r £ (0,ro], if Ci is chosen sufficiently large. Then \z\ < C\r and (iv) 
proved. 


We now investigate some properties of admissible sets. 


Proposition 3.12. There exists a positive constant C* such that, for every admis¬ 
sible set R = X (uo — r,uo -h r), the following hold: 

(i) R C Bg{{rdf,uf),Cir^, where Ci is the constant which appears in Propo¬ 
sition 

(ii) fJ.{R*) < C*piijf) , where R* = {iz,u) £ G : g[{z,u), R.) < r}. 


Proof. Case 0 < r < rp. By Theorem 13.91 and Definition 13.101 

RC Bn (n^, ACn e““ r) x {uq - r, uq + r) 

= (n^yUo) ■ BAr( 07 v, 4 C'Are®^r) x (-r,r). 


By Proposition l3.11l i3M(0Af. r) x (—r, r) C Bg{0G,Cir), which implies (i 


To prove (ii) we remark that R* = u)£R left-invariance 

of the metric and Proposition 13.Ill for every {z,u) £ R, 

Bg{{z,u),r) = {z,u) ■ Bg{0G,r) 

C {z, u) ■ Bn (Oat, Ci r) x (-r, r) 

= Bn{z, Cl e“r) x (u — r,u-\-r) 

C BN{n’f, C'l e"r -h Cnv’") x (mq - 2r, uq A- 2r) 

C BAr(n^,C7e““r) x (itp - 2r,uo A- 2r), 


where C = Cie’'“ -I- ACn^^^ and we have applied the triangle inequality in N and 
the admissibility condition. This implies that 


which gives (ii) 


^ r ^ r ^ p.{R), 


Case r > rp. To prove [(I)] note that by Theorem 13.91 

R C BN{n'f,CNrf) x (rtp -r,UQ + r), 

which is contained in B n {n^, AC ns.^^^ e^^) x (up — r, up -f r) by the admissibility 
condition (13.711 . By the left-invariance of the metric and Proposition 13.Ill 


Rc{nt,uo)-BN{ONACNe^^'^) x (-r,r) 
C (n^,wc) ■ Bg{0G,Cir) 


= Bg{inl,uo),Cir). 


To prove (ii) we remark that R* = U(z «)efi Be{{z ,u),r). By the left-invariance of 
the metric and Proposition 13.Ill for every {z,u) £ R 


Bg{{z,u),r) = {z,u) ■ Bg{0G,r) 

C {z,u) ■ Bg{0N,e^) X (-r,r) 
= Bn{z, e“e’') X (u — r,uA- r). 
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Using the fact that {z, u) G R and the admissibility condition on R, we see that 
{u — r,u + r) C (uo — 2r, ug + 2r) 


and 

Bw( 2 ,e“e") C Bn(z, e““+’'e’') 

C B^(n^,(l + C^)y^). 

Thus 

R* CBjv(n^,(l + Cjv)77^) x (ug - 2r, ug + 2r), 

and so 

m(R*) 

as required. □ 


We now define a way of splitting an admissible set into at most J disjoint ad¬ 
missible subsets, where J is the constant which appears in Theorem 13.91 

Definition 3.13. An admissible set R = x (ug — r,uo + r) is called strongly 
admissible if (13.71) also holds with fc — 1 in place of fc, that is, if 

r e““ < 7?'="^ < 4r when 0 < r < tq, 

g2Mr- ^uo < < 4 ^ ^ 

Note that the upper bound for r]^~^ in the above inequalities is automatically 
satisfied because R is admissible and < rf\ the additional requirement for R 
to be strongly admissible is the lower bound for ri^~^. 

Definition 3.14. For all admissible sets R = x {ug — r,ug + r), we define the 
children of R as follows: if R is strongly admissible, then the children of R are all 
the sets of the form 

X {ug - r,uo + r) 

where /3 S Ik-i and C Q^', otherwise the children of R are the sets 
Q'^ X {ug - r,ug) and Q'^ x {ug,ug + r). 

We denote by £(i?) the set of the children of R. 

Definition 3.15. Let E he a measurable subset of a measure space. A quasi- 
partition of E is an at most countable family of non-negligible, pairwise disjoint 
measurable subsets of E, whose union has full measure in E. 

Lemma 3.16. Let C 2 = max{2, (C'^ 77 )'^}. Then, for all admissible sets R, the 
following hold: 

(i) R has at most J children. 

(a) €.{R) is a quasi-partition of R. 

(Hi) Cf^p{R) < pt{R') < pt{R) for all R' £ £(i?). 

(iv) All the children of R are admissible. 

Proof. Let R = x (ug — r,ug -h r). Since R is admissible, (13.7p holds. Suppose 
that R is strongly admissible. Then the children of R, that is, the sets of the form 

X (ug -r,ug-t- r), 


where (3 £ R-i and ^ C are admissible too. Moreover, from the properties 
of dyadic sets given by Theorem 13.91 it is clear that properties (i )|(ii)|(iii)| hold. 
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Suppose instead that R is not strongly admissible. Then, when r < tq, it must 


be 


(3.8) 

while, when r > tq, 

(3.9) < rj 
Moreover the children of R are the sets 


k 


k 


< ryr 

< rye 2 ^’'e“‘>. 


^1 = Oa X (wo - t,mo) and i?2 = Qa x (uo, mq + r), 

which are “centered” at (n((, uo — r/2) and {n'^,uo + r/2) respectively, and it is clear 
that properties (i)|(ii)|(iii) hold. We shall prove that Ri and R 2 are admissible: to 
do so, we distinguish three cases. 

Case r < ro- In this case i? is a small admissible set and we must prove that 
Ri, i ?2 are both small admissible sets, because r/2 < tq. Notice that 


gU0-r/2g2M_ ^ giio+r/.g 


2„2M ^ 


< - 77 '= 

“ 2 

^ I A- Ifl. 

< - 11 ^ e 2 
“ 2 


< V 


since tq < 2 log 2 by eu. Moreover, 

< rye“«e 2 “r 

< 4e^M^uo-r/2 r 

2 

< 4e^M^uo+r/2 

since rj < 2e^^e~~^ by condition (EH). This proves that Ri and i ?2 are admissible 
in this case. 

Case Tq < r < 2ro. In this case i? is a big admissible set and we must prove that 
i?i, i ?2 are both small admissible sets, because r/2 < tq. Notice that 

g«o-r/2g2M^ ^ gU0+r/2g2M^ 

2 - 2 

<v\ 


since by condition (13.31) . Moreover, 

< 7ye"'>e2“’' 

< 4e®^e“«-”/V/2 

< 4e®^e“«+’'/V2, 

since rye"^^”” < 26®-^ infro<r< 2 roby condition (13.511 . This proves that i?i 
and i ?2 are admissible in this case. 

Case r > 2ro. In this case i? is a big admissible set and we must prove that Ri , 
i ?2 are both big admissible sets because | > tq. Notice that 

^uo-r/2^2Mrj2 ^ ^uq+t/ 2^2Mr/2 

<v\ 
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since M > ^ by ( 1 ^ . Moreover, 

since rj < by condition (13.61) . This proves that i?i and i ?2 are admissible 

also in this case. □ 


By adapting the proof of [ss Lemma 3.16], we can construct a quasi-partition 
of G in big admissible sets whose measure is as large as we want. 

Lemma 3.17. For all a > 0 there exists a quasi-partition V of G in big admissible 
sets whose measure is greater than a. 

Proof. Choose ri > tq and ki G Z such that < 4e®^’'i . Then 

the sets x (—ri,ri), a G are a quasi-partition of x (—ri,ri) 

made of big admissible sets. It is possible to choose ki and ri in such a way that 
|BAr( 0 Ar,> cr, so that fJ-iRa) > ^ for ah a G Ik^- 

Suppose that a quasi-partition of x (ri -|- • • • -|- 2rn-i,ri H--I- 2r„_i -|- 2r„) 

made of big admissible sets of measure greater than a has been constructed. Choose 
rn+i > To and kn+i G Z such that < 4 e®^rr„+igii„+i ^ where 

Hn-t-i — T 1 -(-■** -(- 2rn rn-{-i ■ Then the sets — Qa ^ t n-t-i i iin-t-i T 

r„_|_i), a G Ik.n +11 are a quasi-partition of A^ x (ri H— • -I- 2r„, ri H— • -I-2r„ -I-2r„+i) 
made of big admissible sets. It is possible to choose kn+i and r^+i in such a way 
that |i3Ar(0Ar,C'^^77^"+^)|2rji+i > cr, so that > a for all a G 

By iterating this process we get a quasi-partition of A^ x (—ri, oo) made of big 
admissible sets with measure greater than u. By a similar procedure we get a quasi¬ 
partition oi JF y. (—oo, —ri) made of big admissible sets with measure greater than 
cr, as required. □ 

Lemma 13.161 shows that we can iteratively consider children, children of children, 
children of children of children, ..., that is, descendants of an admissible set and all 
these sets are admissible. In this way we can also define subsequent refinements of 
a quasi-partition of G in admissible sets. Namely, let V he a quasi-partition of G 
in admissible sets and define iteratively for all n G N as follows: 

T)°{V)=V, S)"+i(T’)= y €{R). 

Re'S’-'iv) 

Finally define G-p = nnGNU®"(^) ®(7^) = UnGN®"('^)' ®(^) is the set of 
descendants of elements of P. 


Lemma 3.18. LetV be a quasi-partition of G in admissible sets. Then the follow¬ 
ing hold: 

(i) For all n G N, 2)"(P) is a quasi-partition of G in admissible sets. 

(ii) For all R, R' G 'S{P), either Rf\ R' — % or R C R' or R' <Z R. 

(Hi) Gp has full measure in G. 

(iv) For all x G Gp and n G N, there is a unique Rf G 2)”(P) such that x G Rf. 
(v) For all x G Gp and all neighborhoods U of x, there exists n G N such that 
Rf C U. 


Proof, (i) is an immediate consequence of Lemma 13. IBI and (iii) follows because Gp 
is a countable intersection of sets of full measure in G. 

About [(nj take R G and R' G 23”'(7^) for some n,n' G N. If i? (~l i?' yf 


then necessarily n ^ n'. Suppose that n < n'. Then by construction R' is 
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descendant of exactly one element R" S 2)"(P). Consequently: either R" = R and 
therefore R' C i?, or i?" fl i? = 0 and then also i?' fl i? = 0. 

As for (iv) since x belongs to the union of S)"(P) and 2)”(P) is a quasi-partition 
of G, clearly a set i?" S S)"(P) such that x S i?" exists and is unique. In fact from 
the construction it is clear that is a child of i?" for all n G N. In particular the 
sets for fixed x form a decreasing sequence as n grows in N and, at each step, in 
the passage from x (ug — r,uo + r) to its child R^^^, either the first factor 

is replaced by one of its children Q^~^, or the second factor (ug — r,uo + r) 
is halved. In order to prove |(v)[ it will be then sufficient to show that each of 
these two alternatives does happen infinitely many times, i.e., that i?" is strongly 
admissible for infinitely many n and also that i?" is not strongly admissible for 
infinitely many n: in fact, in this case, the diameter of both projections of R^ onto 
the two factors N and A of G tends to 0 as n —>■ oo. 

By contradiction, suppose that, for all n greater than some no, i?” is strongly 
admissible. This means that, if i?"° = x {ug — r,ug + r), then i?" has the form 
^ (^0 — r,ug + r) for all n > ng, where G Ik+no-n- Since the i?" are 
all admissible, (1X71) must hold when k is replaced by £ for all integers £ < k, while 
Ug and r remain the same, and when £ tends to —oo one obtains a contradiction. 
Similarly one obtains a contradiction by assuming that, for all n > ng, i?" is not 
strongly admissible: in this case one would have for fixed 

k,ug,r and for all sufficiently large £, which is clearly impossible. □ 


For all quasi-partitions P of G in admissible sets, we define the maximal operator 
M'^ as follows: for all functions / in and x G G, 


M'Pfix) 


sup 


J m 

I RBx 

lo 



if a; G IJS(IP), 
otherwise. 


Proposition 3.19. LetV be a quasi-partition of G in admissible sets, 
(i) f is measurable for all f G LlociG) and 

(3.10) M^(A/ -h A'/') < |A|M^/ -t |A'|M^/' 


for all A, A' G C and /, /' G L^^iG). 

(ii) The maximal operator M'^ is of weak type (1,1). 
(Hi) For all f G ^[^^.(G), |/| < f almost everywhere. 


Proof M'Pf = sup„gNM^/, where 


M:^f{x) 




if a; G 1JS"(P), 
otherwise. 


and the sets i?” are defined as in Lemma 13.181 Clearly the f are measurable 
and consequently M^/ is measurable too. The inequality (I3.10p is clear by the 
definition. 

Let / be in L^{G) and a > 0. Consider the set fla = f > a}. 
For each point x G fla let Rx be the largest set (in the sense of inclusion) in 
D{P) that contains x such that the average of |/| on Rx is greater than a. If 
S = {Rx '■ X G fla}, then 5 is a partition of Oq made of elements of T){V). Thus, 


(ii) 


Res 


1 

< — 


a 


X! / \f\^T< 



a 
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(iii)[ By I (ii) I and standard arguments (cf. [491 Theorem 11.3.12] or HU Theorems 


2.2 and 2.10]) it is sufficient to consider the case where / is continuous. In this case 


M'^ f{x) > lim 


JRl 


\f\d^l = \f{x)\ 


for all X € G-p, by Lemma [3 and Gp has full measure by Lemma l3.1f|l'iii)[ □ 

Now we are able to construct the Calderon-Zygmund decomposition of an inte- 
grable function on G. 


Theorem 3.20. The space (G, £>,/i) with the family TZ of admissible sets is a CZ- 
space which satisfies condition (C). 


Proof. By Proposition [XT^] the family TZ of admissible sets in G satisfies conditions 


Let now / be in L^{G) and a > 0. Our purpose is to construct a Calderon- 
Zygmund decomposition of / at height a. Let P be a quasi-partition of G in big 
admissible sets whose measure is greater than (it does exist by Lemma RL17|) . 
For each i? in P we have that |/| d/r < a. 

Let B = {R € D{T’) : |/| d^ > a}. We define the family C of the 

stopping sets as follows: 

C = {R€B : R' (fBioi all R! S ©(P) such that R C r!). 

By Lemma 13. If]I' ii) I it is clear that the elements of C are pairwise disjoint. On the 
other hand [JC = [j B; therefore, if 17 is the complement of IJC in G, then 

(3.11) fix) < a for all cc G 17. 

Further, for all i? G C, it is i? G yB, hence R ^'P and consequently R is the child of 
some i?' G J)(P) \ B; therefore 

(3.12) a<fiiR)-^ f \f\dpi<G2n{RT^ f \f\dpi<C2a 

Jr Jr' 

by Lemma I3.1(|tiii) 

Define 

for all B G C. By (13.121) it follows that |g| < G2Q! on each set E G C. Moreover, by 
(13.1111 and Proposition 13. ll}nii)| 

Iff(2^) I = 1/(2^)! ^ ^ 2: G 17. 


(i)l(ii) of Definition 13.11 


Each function bp is supported in E and has average zero. Moreover 

E / l/|d/x<2 ||/||i. 

Eec 

Finally, again by (13.121) and disjointness of C, 


E “ E / I/I dff < - 


Bec 


ESC' 


Thus / = g-f Eegc 6b is a Calderon-Zygmund decomposition of the function 
/ at height a. The CZ-constant of the space is kq = max{Gi, G2, G*}. 

To conclude the proof of the theorem we shall construct a family of admissible 
sets TZ' which satisfies condition (C). To do so, for all fc G define ^ log 77 . 
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Then clearly < r]^ < and —>■ oo as A: —>■ c», so > tq if fc > fco, 

say. Consequently, for all k > ko and a £ Ik, the sets 

(3.13) Ra = Qlx{-rk,rk) 

are admissible. Set TZ' = {i?^ : k > ko, a £ Ik}- The following properties are 
satisfied: 

(i) If n ^ 0 and k > i, then C R^- 

(ii) If ii = X {uq — r,uo + r) is an admissible set, then there exist k > ko 

and a £ Ik such that R C Indeed, we may choose k > max{£, fco} such 
that (uo — r, uo + r) C (—rk, rk). In this case, there exists a £ Ik such that 

C 

Thus condition (C) is satisfied. □ 

Since by Theorem 13.201 the space {G,g,fi) satisfies condition (C), we can define 
a Hardy space H^{G) and a space BMO{G) as in Definitions 13.51 and 13.61 By 
using the geometric properties of (G, g, g.) and the properties of admissible sets, 
one can easily check that all the results obtained in and [33] for Hardy and 
BMO spaces on ax + 5-groups can be proved also in our setting, with only slight 
changes in their proofs (see, e.g., [5] for definition and discussion of the real and 
complex interpolation methods). 

Proposition 3.21. The following hold: 

(i) (John-Nirenherg inequality) there exist two positive constants 7 and D such 
that for any s > 0, R £ IZ and g G BMO{G), 

g{{x £ R : \g{x) - > s \\g\\BMo}) < D e~'^g{R); 

(n) {H\G),L\G))^^^ = LP{G), where 0 e ( 0 , 1 ), i = 1 - | and 
denotes the interpolation space obtained by the real method; 

(Hi) (G), L'^(G)) jgj = LP{G), where 0 G (0,1), ^ = I — | and (•, •) denotes 
the interpolation space obtained by the complex method; 

(iv) (l2(G),HMO(G)),_p = LP(G), where 9 £ (0,1), i = 1^; 

(v) (L 2 (G),HMO(G))j„ = LP{G ), where 6 £ ( 0 , 1 ), 1 = 

4. The sub-Laplacian A, its heat kernel, and its spectral multipliers 

4.1. The sub-Laplacian. Let A be the sub-Laplacian defined in (HH). We recall 
now some well-known properties of A, that are common to all left-invariant sub- 
Laplacians on Lie groups (see, e.g., [SS], [35], and references therein for further 
details). 

Since the horizontal distribution on G is bracket-generating, A is hypoelliptic 
[31j . Moreover A is essentially self-adjoint and positive with respect to the right 
Haar measure; in fact, for all f,g £ G^{G), 

(4.1) {Af,g) = Y,{Xjf,X,g), 

where (•,•) denotes the inner product of lf{G). 

In particular A extends uniquely to a positive self-adjoint operator on L^{G) and 
for all bounded Borel functions F : R)}" —C, the operator F(A) is a convolution 
operator with kernel kp;^-^ (see (11.21) 1. By means of the convolution formula, when 
kp^A) G .^ioc(^)i interpret F{A) as an integral operator with integral kernel 

Kp(A) given by 

(4.2) Kp;^){x,y) = kp;A){y~^x)m{y) for a.a. x, 1 /G G. 
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In the sequel we will often make use of some properties of differential equations 
associated with A. First of all, we have finite propagation speed gniiis] for solutions 
of the wave equation: 

supp(cos(t-\/A)/) C {cc G G : p(a;,supp/) < t} 
for all / G L‘^{G) and all f > 0. 

Moreover, since A is associated to the Dirichlet form (HD) and annihilates con¬ 
stants, the heat kernel t ^ ht = fcg-tA is a semigroup of probability measures on G 
|32) . By hypoellipticity of dt + A, the distribution {t,x) i—>■ ht{x) is in fact a smooth 
function on R+ x G and from the above discussion it follows that 

ht * hf = ht+t', ht>0, |l/it||i = 1 

(semigroup of probability measures) and 

/ij = ht, ht{x) < 

(self-adjointness and positivity on L^). It is also possible to obtain “Gaussian- 
type” estimates for ht and its left-invariant derivatives: for all p G [l,oo], a = 
(ao, ■ ■ ■, cng) G and all & > 0 there exist G,uj > 0 such that 

(4.3) ||e''l'l‘^A“/it|lp < c't-(Q+i)/(V)-|a|/2g<^t^ 

where p' = p/ip — 1), = Xq° ■ ■ ■ Xg” , and |q;| = uq + ■ ■ ■ -\- Ug (see, e.g., [HH] . 

[5D], or [Ml Theorem 2.3(f)]). These estimates are however of little use for t large. 


4.2. gradient heat kernel estimates. The heat kernel ht associated to A 
can be expressed in terms of the heat kernel h/^ associated to the sub-Laplacian 
oil ^ (see |43l §3] or [191 §2]): 


(4.4) 


htiz 


^t(0 exp - 


coshi 


h 


N 


“?/2 


iz) dC, 


where 

(4.5) 


MO 




sinh0 sin 


t:9 



4t 




This formula was used in the aforementioned works to obtain L^-estimates for the 
heat kernel ht at complex times t = l + ir, t gM.. Here we will show that the same 
formula can be used to obtain L^-estimates for the horizontal gradient of the heat 
kernel ht at real times t G K. 

For a (smooth) function / on G we define the horizontal gradient Vnfix) G H^G 
at a; G G by 

9xiy Hfix),v) = {df)o,iv) MvGH^G, 

where ( df)x is the differential of / at x. It is easily seen that 


(4.6) \XHfix)\l= gxi^Hfix),XHfix)) = Y.\X,fix)\^. 

3=0 


In order to estimate the L^-norm of \VHht\g we shall repeatedly use the following 
technical lemma. 


Lemma 4.1. For all a,6 >0, 


R Jo 


cosh(a'u) 

^2+11 


exp 


cosh 0 + cosh u 


■,-e 


d^ du < Ga 


■,-e 


(1 + 0 ) 


if a > 0, 
if a = 0. 
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Proof. The inner integral in ^ is convergent and by rescaling it is equal to a constant 
times (cosh6* + coshu)”^”" cosh(aM). Consequently the integral in u is controlled 
by a constant times 



+ du = 




i: 


{l + v) 


— l — a ^, 0.-1 


di; 


and the conclusion follows. 


□ 


Proposition 4.2. There exists C > 0 such that 




< cr^/^ 


Vt G M+. 


Proof. By (14.61) it suffices to show that 

\\xMi<ct-^^^ 

for all j G {0,1,..., q} and t G ffi.'*". These estimates are already known in the case 
t < 1, see (ESI)- Therefore in the rest of the proof we will assume that t > 1. 

Note that, by homogeneity considerations, the corresponding estimates for the 
heat kernel on N are easily shown to hold for all times. In fact 

(4.7) ll/if IIlha) = 1, ||l>f lUqiV) = 

for all s G M"*" and j G {1,... ,17} (see, e.g., [171 Proposition (1.75)]). These equa¬ 
tions, together with the formula (14.4L will be the main ingredient of our proof. 

We consider first the case j > 0. Recall that Xj = e'^Xj. Then, by (lOl) and 
differentiation under the integral sign, 

Xjht{z,u) = 'StiO exp 

Therefore, by gJ]), 

Since t > 1, by (14.51) the above integral is controlled by a constant times 


nOO 

tt9 

/ sinh 9 

sin — 

Jo 

2t 



pOO 

e“/2 __ 1 

cosh 0-1-cosh u ^ 

L 

^2+1/2 

e j 


d^dude. 


By applying Lemma ITTT] fwith a = 1/2), the integral in u is controlled by a constant 
times e“®, hence 


For j 


\\xAh<t~^^" 



sinhd 9 



d6» < 


0 we have instead, again by (lOl) . 


Xoht{z,u) 


/"»■(«) 21^ exp 

+ / exp = /, +/,. 


The L^-norm of the first summand Ji can be controlled analogously as above (here 
the first identity in (14.71) is used and Lemma ITTT] is applied with a = 1). For the 
second term I 2 , instead, we need some further manipulation. 
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Note that Hence, by integration by parts, 

^2 = -^ exp 

- ^ ^*(0 exp d^ = l 3 + h- 

The term J 4 can be controlled in the same way as /i. As for I 3 , we observe, by 
(14.511 ■ that 




exp 


ii) 


Air^t Jo 


exp 


ii) 


Jo 


ttO 


cosh 0 sm — exp ( — 


02 

cosh 0 

At 



5 r 

V 4tJ 

89 [ 


- 1 d6» 


cosh 0 ^ 

). 


d0-d>tiO 


exp 


ii) 


Jo 


L/J • f 

cosh 0 sm — exp I — 


exp 


(i) 


2t^2\/47r^ Jo 


cosh 6 ( 


4t 


tt9 ttO 

TT cos —-61 sm — 

2 t 2 t 


exp 


cosh 9 ^ 

J 


exp 1 -^ ) exp ( - 


d9 - 
cosh 9 \ 


? J 


d9. 


Consequently, since t > 1, by ( 021 ) the L^-norm of I 3 is bounded by a constant 
times 


4 - 3/2 


f 


cosh 6 * 


tt 9 Tr0 

71 cos- 9 sm — 

2 t 2 t 


02 

»p I -jj 


if 


r^expl- 


cosh 9 + cosh u 

~ 


dCdud0. 


By applying Lemma |4.1I (with a = 0), the integral in u is controlled by a constant 
times e“®(l + 9), hence 


r° 

^0 


£^(1 + e^/t) (1 + 9) exp ("-J) d0 < 


and we are done. 


□ 


4.3. The Plancherel measure and weighted L2_estimates. By abstract non¬ 
sense (see, e.g., m Theorem 3.10] for a quite general statement) one can show that 
there exists a Plancherel measure associated with A, i.e., a positive Borel measure 
CTA on R]}', whose support is the L2(G')_spectrum of A, such that 

(4.8) l|fcT(A)ll^=/ |A(A)pdaA(A) 

Jr+ 

for all bounded Borel functions F : R)}" —>■ C. 

In the case N is abelian, G is a real hyperbolic space and the Plancherel measure 
a A can be explicitly computed via spherical analysis (cf. dHIIl]); namely there 
exists CA S R”*" such that 

(4.9) f F{X)daAiX)=CA f F{s^)\cQ{s)\-^ds, 

0R+ Jr 




























SPECTRAL MULTIPLIERS ON SOLVABLE EXTENSIONS OF STRATIFIED GROUPS 25 


where cg is the Harish-Chandra function for the (Q+l)-dimensional real hyperbolic 
space (see, e.g., Theorem IV.6.14]), so 


|cq(s)|-^ 


|sp for |s| small, 
Isl*^ for |s| large. 


In the case N is nonabelian, spherical analysis can no longer be directly applied 
to the functional calculus of A. Nevertheless, as we are going to show, the above 
formula for the Plancherel measure remains valid. 

Let J be the set of functions R)]' —^ C that are finite linear combinations of 
decaying exponentials A i—!> {t G R.'*'). Note that J' is uniformly dense in 

C'o(K.(]’) by the Stone-Weierstrass theorem. The following fundamental observation 
is in PU Lemma (1.10)]; here we provide an alternative proof using (14.41) . 


Proposition 4.3. For all F G J and all u G R, there exists a bounded Borel 
function Mp^u '■ Rq" —>■ C such that 

(4.10) fcF(A)(','«) = 

and Mp^u does not depend on the stratified group N or the sub-Laplacian . 

Proof. By linearity it is sufficient to consider the case where F{X) = e~*^. However 
in this case, if we set 

Mp^uW = J exp exp(-e"CA/2)d^, 

then (|4.10|) follows from the formula (14.41) for the heat kernel ht = . Note that 

the above expression for Mp^u depends only on t and u and does not depend on 
the particular choice of N or A'^. □ 


Let A*'* be the Laplacian on R*^ and A = — + e^“A*^ be the corresponding 

Laplacian on G = R'^ xi R. Homogeneity and finite propagation speed properties 
of and A*'^ yield the following result. 

Proposition 4.4. For all a > 0 there is C G R"*" such that, for all bounded Borel 
functions / : R —>■ C, 

[ \z\%\kf(^A^){z)\^ dz < C [ |z|“Q|A:,(^«Q.(z)pdz, 

Jn Jrq ^ ’ 

with equality if a = 0. 

Proof. See 071 formula (3) and Lemme 2]. □ 


Corollary 4.5. For all a > 0 there is C G R'*' such that, for all bounded Borel 
functions N : R —>■ C, 

(4.11) \z\%\kp^^^{z,u)\^ dn{z,u) < C Jjz\'iQ\kp.^^.^{z,u)\^dfi{z,u), 

with equality if a = 0, where dfL{z,u) = dzdu is the right Haar measure on G. 

Proof. In the case F G J the above inequality (or equality if a = 0) follows imme¬ 
diately by combining Propositions 14.31 and 14.41 The general case is then given by 
density. □ 


By comparing the case a = 0 of Corollary 03] with the characterization (14. 8p of 
the Plancherel measure we obtain immediately the following result. 
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Corollary 4.6. For an arbitrary stratified group N of homogeneous dimension 
Q, the Plancherel measure cta is given by dm) for some constant ca S M'*'. In 
particular the L'^-spectrum of A is K,| and, for all Borel functions F : K —^ C, 

ii^f(va)II2 - +xq+^) . 

5. The multiplier theorem 

In this section we prove Theorem 11.11 To do so, we need some preliminary 
estimates of the L^-norm of the convolution kernels of spectral multipliers of A. 

Proposition 5.1. There exists a positive constant C such that, for allr > 0 and all 
even bounded Borel functions T : K. —>■ C whose Fourier transform F is supported 
in [—r, r], 

Proof. Note that, since A satisfies finite propagation speed, supp C Bg{0, r) 

(see, e.g., [TU Lemma 1.2]). Then, if r < 1, by Holder’s inequality and (12.111) . 

Pf(va)IIi - 

and we are done. 

If instead r > 1, then, by Holder’s inequality and (12.131) . 

(5-1) Pf(Va)IIi ^ ^ (|I^f(Va)II2 + II^f(Va) I 

where the weight w is given by w{z, u) = \z\^. Therefore, by applying Corollarv l4.5l 
with a = Q, we have that 

(5-2) pF(^/A) ^ ll^p(yX) 

where w is the analogous weight on G = xi K. By spherical analysis on real 
hyperbolic spaces, if m is the modular function on G, then 

for some radial function fip on G (see, e.g., [TTl Proposition 1.2] and [TJ p. 148]). 
Moreover, if q denotes the left-invariant Riemannian distance on G, then supp f/p = 
suppfc^^y^^ C Bg[Q,r), because A satisfies finite propagation speed too. We can 

then apply (12.121) and (12.101) to obtain that 

^ \\<pF Qi',0Qy^^\\p2(^Q-^ 

= r^/^\\(j)F 

^ ^^^^l|fcF(VA)ll2i 

where the last step is given by Corollary 14.51 in the case a = 0. The conclusion 
follows by combining (EH) and dO]) and plugging the resulting inequality into 

(EH). □ 

The next lemma shows that every function / supported in [1 /2, 2] may be written 
as sum of functions whose Fourier transforms have compact support. 

Lemma 5.2. Let f € L^(]R) be even and supported in [—2,2]. Then there exist 
even functions fi, £ G N, such that 
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fV f = EZof^; 

(a) suppfi C [-2^2^]; 

(Hi) for all a,l3,s € 

pCO 

/ |/,(A)|2 (A“ + A'^) dA < 2-^'*' ||/||?^.(K). 

^0 

Let ft denote the dilated of f defined by ft = f{t-). Then 
(i’) ft = El fe,t> where fi^t = fi{t -); 

(ii’) supp/^,t C [-2h,2H ]; 

(in’) for all a,l3,s £ R|j", 

poo 

/ IfeAEl^ (A“ + A'^)dA < C'„./3,smax{i-(“+i\t-(^+^)}2-2''^ ll/llffo(R)- 
Jo 

Proof. See [531 Lemma (1-3)]. □ 

Proposition 5.3. Let F £ L^(]R) be supported in [—4,4]. Then the estimate 

(5.4) sup/ \Kp(^t^){x,y)\{l + t~'^^^g{x,y)y dn{x) <Cs,e\\F\\H- 
v^gJg 

holds for all e £ R[j' and s,t £ R'*" satisfying one of the following conditions: 

• t > 1 and s > 3/2 + e; 

• t < 1 and s > (Q + l)/2 + e. 


Proof. First we observe that, for all y £ G, hy ( 133 ) and the left-invariance of the 
metric g, 


/ l-?^F(tA)(a:,?/)|(l+t ^^‘^gix,y))" dy{x) 

Jg 

= [ \kF(tA)iy~^x)\'>TT-{y) A + xAg)Y dfi{x) 

Jg 

= [ \kF{tA){x)\ {l+ t~^/^g{x,0G)y dg{x). 

Jg 

Define /(A) = F’(A^) for all A S R. The function / is even and supported in 
[—2,2], and F{tA) = for all t £ R+. Moreover 


(5.5) II/IIf^ <l|i^llF=. 

Let / = EZoff- decomposition given by Lemma [53 Since /(t^^^-) = 

Eifip/^ and supp/^ (i /2 C [—2^t^/^], we can apply Proposition 15.II to each 
function fe^F/^ and sum these estimates up. Namely, by finite propagation speed. 
Proposition 15.11 Corollary 14.61 Lemma lOf iii’b and (15.5p . 


/ lb. Og))^ d^(3:) 

< 2 ” mi„{(2'i‘/^)<0+>)/7 (2'f>/“)’/“) lit,, 

a oo \ 1 /2 

l/,,p/2(A)l2(A2 + A«)dA) 

< 2^" min{(2V/2)W+L/2, (2^ii/2)3/2} niax{t-3/4, t-(Q+i)/4} 2-^- ||i7||^.. 


In the case t > 1, it is then 


/ |fcF(tA)(a:)l(l+ i ^^'^g{x,0G)y dg{x) < Cs\\F\\h^'^2‘^^‘^+^/'^ 

i>0 
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and the series on the right-hand side converges since s > 3/2 -|- e. 

In the case t < 1, instead, it is 

[ I^F(tA)(a;)| {l + g{x,0G)y dn{x) 

JG 

< ||i<’||^s I i3/4-(Q+l)/4 2^(^+3/2 -s) _|_ 2^(s+(Q+l)/2-s) 1 ^ 

\ i-.2‘>t-G2 i-2^<t-G2 j 

and the term in parentheses is finite and bounded above uniformly in t since s 
{Q 1)/2 -l- E. 

We denote by Ry the right translation operator defined by 

Ryfix) = fixy) 

for all / : G —)> C and x,y G G. 

Lemma 5.4. For all / S L^(G) and y,z G G, 

\\Ryf-R.f\\i<g{y,z) |V^^/| . 

y 1 

Proof. The proof of [551 Lemma VIII.l.l] applies also to non-unimodular groups. 

□ 

Proposition 5.5. Let F G L^(R) be supported in [—4,4]. Then the estimate 

(5.6) f \Kp(tA){x,y) - Kpt^tA)ix,z)\ dy{x) <Gst~^/^g{y,z)\\F\\H- 
JG 

holds for all y,z G G and s,t G M’*' satisfying one of the following eonditions: 

• t > 1 and s > 3/2; 

• f < 1 and s > {Q + l)/2. 

Proof. By splitting F into its real and imaginary parts, it is not restrictive to 
assume that F is real-valued. In particular the operator F(tA) is self-adjoint and 

/ \Kp(tA){x,y) - Kp(^tA){x,z)\ dy{x) 

JG 

= / I^F(tA)(?/,a:) - ^F(iA)( 2 :,a;)| d/4(a:) 

JG 

= / \kp{tA)ix~^y) - kpt^tA)ix~^z)\m{x)dfj.{x) 

JG 

= / \kp(tA)ixy) - kpt^tA)ixz)\dg,{x) 

JG 

= \\Rykp(^tA) — -R 2 ^F(tA)||l- 
Define (/(A) = F{X) e~^ for all A S K. Then 

kp(tA) = k^(tA) * ht 

and, by Young’s inequality, 

||i?]yfcF(tA) 'Rz^F(tA)l|l ^ II fc<;i(tA) II1II.Rzht||i. 

Note now that, under our assumptions on t and s, by ProDOsition l5.3l it follows that 

l|fc<;.(tA)||i < ll/'llff'’ ^ ll^llff*- 
On the other hand, by Lemma [5.41 and Proposition 


\Ryht-RzhtWi < g{y,z) iVnhtl '^/‘^g{y,z) 

“ 1 


and the conclusion follows. 


□ 


□ V 
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We can finally prove our main result. 

Proof of Theorem \l.l[ Choose £ > 0 such that sq > | + £ and Soo > Let 

F be as in the statement of the theorem. It is not restrictive to assume that F is 
real-valued, so F{A) is self-adjoint. Define 

Fj{X) = F{VX) if{\) Vj G Z VA G M+, 

where ip is as in (II.3|) . Then 

F(A) = ^F,(2-^A) 

iez 


in the sense of strong convergence of operators on L^[G), because the L^-spectrum 
of A is and {0} has null spectral measure. Since each function Fj is supported 
in [1/4,4] we may apply estimates (15.41) and (|5.6p to Fj and t = 2“^ , to obtain that 


(5.7) 


sup [ \Kp.^ 2 -:>A){x,y)\{l + ‘2^^'^g{x,y)y dfi{x) < 
y&GJG 


ll^’llo.so 

||7^||oo,s 


Vj<0 
V J > 0, 


and, for all y,z € G, 
(5.8) 


\KFj(2-iA){x,y) - KF.(^2-iA){x,z)\dfi{x) < 


2^^^eiy,z)\\F\\o,so 

2^/2e(y,z)||F|U,s, 


v/<0 

V / > 0. 


Then the operator J^(A) satisfies the hypotheses of Theorem l3.2l and consequently 
it is of weak type (1,1), bounded on LP{G) for all p G (1, 2] and, by duality, for all 
p G [2,oo). By Theorem 13.81 it follows that J^(A) is also bounded from F[^{G) to 
L^{G) and a duality argument gives the boundedness from L°°{G) to BMO{G). □ 
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